Connected and automated vehicles (CAVs) provide the most intriguing opportunity to optimize energy consumption and travel time. Several approaches have been proposed in the literature that allow CAVs to coordinate in situations where there is a potential conflict, for example, in signalized intersections, merging at roadways and roundabouts, to reduce energy consumption and optimize traffic flow. In this paper, we consider the problem of coordinating CAVs in a corridor consisting of multiple traffic scenarios. We formulate a two-level optimization problem in which we maximize traffic throughput in the upper-level problem, and derive a closed-form analytical solution that yields the optimal control input for each CAV, in terms of fuel consumption, in the low-level problem. We validate the effectiveness of the solution through simulation under 100% CAV penetration rate. Fuel consumption and travel time for the vehicles are significantly reduced compared to a baseline scenario consisting of human-driven vehicles.
Introduction
Connectivity and automation in vehicles provide the most intriguing opportunity for enabling users to better monitor transportation network conditions and make better operating decisions. Several research efforts have been reported in the literature proposing optimization and control approaches for coordinating CAVs at different traffic scenarios that include merging at roadways and roundabouts, crossing intersections, cruising in congested traffic, passing through speed reduction zones, and lane-merging or passing maneuvers. Dresner and Stone (2004) presented the use of the reservation scheme to control a single intersection of two roads with vehicles traveling with similar speed on a single direction on each road. Following this effort, similar approaches have been reported in the literature for safe and efficient coordination of CAVs at urban intersections; see Dresner and Stone (2008) ; de La Fortelle (2010); Huang et al. (2012) ; Colombo and Del Vecchio (2014) . Kim and Kumar (2014) proposed an approach based on model predictive control that allows each vehicle to optimize its Email addresses: mahbub@udel.edu (A M Ishtiaque Mahbub), andreas@udel.edu (Andreas Malikopoulos), lhzhao@udel.edu (Liuhui Zhao). 1 This research was supported by ARPAE's NEXTCAR program under the award number de-ar0000796. movement locally in a distributed manner with respect to any objective of interest. Colombo and Del Vecchio (2014) constructed the invariant set for the control inputs that ensure lateral collision avoidance. Several papers have also focused on multi-objective optimization problems using a receding horizon control solution either in centralized or decentralized approaches; see Kamal et al. (2013) ; Makarem et al. (2013) ; Qian et al. (2015) . Lately, a decentralized optimal control framework was presented for coordinating online CAVs in different transportation scenarios, yet without considering state and control constraints; see Ntousakis et al. (2016) ; Zhao et al. (2019) , or without considering rear-end collision avoidance constraint; see Malikopoulos et al. (2018) . A detailed discussion of the research efforts in this area can be found in recent survey papers (Rios-Torres and Malikopoulos, 2017; Guanetti et al., 2018) .
In this paper, we address the problem of optimally coordinating CAVs in a corridor consisting of multiple traffic scenarios to improve energy consumption and travel time under the hard safety constraints of colision avoidance. We formulate a two-level optimization problem in which we maximize traffic throughput in the upper-level problem, and derive a closed-form analytical solution that yields the optimal control input for each CAV, in terms of fuel consumption, in the low-level problem. In earlier work, we presented a preliminary analysis on coor-dinating CAVs in a corridor yet without considering the rear-end safety constraint; see (Zhao and Malikopoulos, 2018) and Mahbub et al. (2019) . Thus, the contribution of this paper is the formulation and analytical solution of an optimal control problem for coordinating CAVs in a corridor consisting of multiple traffic scenarios with the explicit incorporation of the rear-end safety constraint.
The structure of the paper is organized as follows. In Section 2, we formulate the problem, provide the modeling framework, and derive the analytical, closed-form solution with rear-end safety constraint. In Section 3, we validate the effectiveness of the analytical solution in a simulation environment and conduct a comparison analysis with traditional human-driven vehicles. Finally, we provide concluding remarks and discussion in Section 4.
Problem Formulation
We consider a corridor ( Fig. 1 ) that consists of several conflict zones (e.g., a merging area, an intersection, and a roundabout), where potential lateral collision of vehicles may occur. Upstream of each conflict zone, we define a control zone, inside of which, the vehicles can communicate with each other. The dimension of each control zone is restricted by the communication range of an associated coordinator, which records the vehicle queue inside the control zone. Note that the coordinator is not involved in any decision on the CAV operation and only serves to coordinate information with the CAVs. The communication range of the coordinator can be adjustable and its length could be extended as needed. For clarity, we illustrate the boundary of the corridor as indicated by dashed lines and the limits of each control zone by shaded rectangles (Fig. 1 ). Note that we only coordinate CAVs inside the control zone of each conflict zone. We consider a corridor with a set of conflict zones Z ⊂ N. Let N z (t) = {1, 2, . . . , N z (t)} be a queue of CAVs inside the control zone of a conflict zone z, where N z (t) ∈ N is the number of CAVs in the control zone of z at time t ∈ R + . When a CAV enters the control zone, it broadcasts its route information to the coordinator of this conflict zone. The coordinator then assigns a unique integer i ∈ N that serves as the identification of CAVs inside the corridor. Let t 0,z i be the initial time that CAV i enters the control zone of z ∈ Z, and t z i be the time for CAV i that enters z. For example, for CAV #7 (Fig. 1 ), t 0,1 7 is the time that it enters the control zone of conflict zone #1, which is also the time that it enters the corridor, and t 1 7 is the time that it enters the conflict zone #1. Similarly, CAV #1 enters the control zone of conflict zone #3 at t 0,3 1 , and enters the conflict zone #3 at t 3 1 . The CAV index given by the coordinator is removed from the queue N z once the vehicle i exits the conflict zone z.
To avoid any possible lateral collision, there is a number of ways to compute t z i for each CAV i. In what follows, we present a decentralized framework in which we formulate an upper-level optimal control problem for determining the time t z i that each CAV i will enter the conflict zone z ∈ Z, and then address a lower-level control problem that will yield for each CAV the optimal control input (acceleration/deceleration) to achieve the assigned time t z i (upon arrival of CAV i) without collision.
Vehicle model, Constraints, and Assumptions
Each CAV i ∈ N z (t) is modeled by a second order dynamicsṗ
where p i (t) ∈ P i , v i (t) ∈ V i , and u i (t) ∈ U i denote the position, speed and control input (acceleration/deceleration) of each CAV i in the control zone.
T denote the state of each CAV i, with initial value at the entry of the control zone of conflict zone z ∈ Z given as x 0,z
To ensure that each vehicle control input and speed are within a given admissible range, we impose the following constraints
where u i,min , u i,max are the minimum deceleration and maximum acceleration for each CAV i ∈ N z (t), and v min , v max are the minimum and maximum speed limits respectively. For simplicity, we do not consider vehicle diversity, and thus we set u i,min = u min and u i,max = u max . For each CAV i ∈ N z (t), the lateral collision is possible within the set Γ i
where, ρ is the safety time headway to avoid lateral collision. Lateral collision between any two CAVs i, j ∈ N z (t) can be avoided if the following constraint holds,
To ensure the absence of rear-end collision of two consecutive CAVs traveling on the same lane, we impose the following condition
Here, s i (t) denotes the distance between CAV i and CAV k which is physically immediately ahead of i. The minimum safe distance δ(t) is a function of speed v i (t). Since we consider an urban traffic corridor, the average speed does not exhibit significant variations. Therefore, we can consider that the safe distance δ(t) = δ is constant. In the modeling framework described above, we impose the following assumptions:
Assumption 1 All vehicles are connected and automated, i.e., 100% penetration rate of CAVs.
Assumption 2 For each CAV, none of the constraints (2) and (4) is active at t 0,z i .
Assumption 3 Each CAV i has proximity sensors and can measure local information without errors or delays.
Assumption 4 The corridor only contains single-lane road segments. The vehicles traveling in the corridor do not change lanes except to make necessary turns.
Assumption 5 The speed of each CAV i inside the conflict zone is constant.
The first assumption limits the scope of our paper to the control of CAVs in an idealized environment where all vehicles are automated and connected to each other. Addressing different penetration of CAVs is the object of ongoing work. The second assumption ensures that the solution of the optimal control problem starts from a feasible state and control input. The third assumption might impose barriers in a potential deployment of the proposed framework. However, we could extend our results in the case that this assumption is relaxed, if the noise in the measurements and delays are bounded. The fourth assumption simplifies the upper-level optimal control problem so as to avoid implications related to lane changing. Finally, the last assumption is imposed to enhance safety awareness. However, it could be modified appropriately, if necessary, as discussed by Malikopoulos et al. (2018) .
Definition 6 Let i−1, i ∈ N z (t) be two CAVs inside the control zone traveling towards the corresponding conflict zone z. Depending on the physical location and trajectory inside the control zone with respect to CAV i, CAV i − 1 belongs to one of the following three subsets of N z (t) with respect to CAV i ∈ N z (t):
(1) R z i contains all CAVs that travel in the same lane with CAV i towards the conflict zone z, having travel paths that can cause rear-end collision.
(2) C z i contains all CAVs from different roads having travel paths that can cause lateral collision with CAV i in conflict zone z.
(3) O z i contains all CAVs from different roads having travel paths that cannot cause lateral or rear-end collision with CAV i in conflict zone z Upon arrival at the entry of the control zone of conflict zone z ∈ Z at time t 0,z i , CAV i ∈ N z (t) needs to compute the time t z i . In general, a value of t z i that satisfies the safety constraints (3) and (4) may depend on the preceding CAV in the control zone. Next, we address the question of identifying the appropriate t z i for each CAV through an upper-level optimization problem.
Upper-level optimization problem
To fully utilize the capacity of the traffic network of CAVs, we formulate a throughput maximization problem, in terms of minimizing the gaps between CAVs in the conflict zones, i.e., minimizing the total time to process CAVs in the network, subject to the constraints (2), (3) and (4). Note that for i = 1, the safety constraint is not active since there is no prior CAV in the control zone, which implies that t z 1 is not constrained and can be determined outside the optimization framework. Thus, for each control zone of conflict zone z ∈ Z, we formulate the following optimization problem:
subject to : (1), (2), (3), (4),
. The solution of (5) yields the optimal time t z i * , i ≥ 2, z ∈ Z, which designates the entry times of each CAV in each conflict zone so as to maximize the throughput of the corresponding bottleneck.
In what follows, we discuss how the lateral collision safety constraint is addressed in the solution of (5). We also show that the solution has an iterative structure and depends only on the state and control constraint (2) as well as the safety constraint (4). To obtain the optimal solution of t z i * for CAV i ∈ N z (t) at the conflict zone z ∈ Z, we first consider the case when C z i (t) is empty, thus the entry time for CAV i at z depends only on some CAV k = (i−1) ∈ R z i , where k is physically immediately ahead of i on the roadway segment inside the control zone. In this case, the minimum time t z i for CAV i to enter the conflict zone z is designated by the rear-end safety constraint (4), and in particular, by the safe headway, ρ, that a CAV i should maintain while following CAV k, i.e., t z i = t z k + ρ. In this context, we need to find the bound of t z i to ensure feasibility of the solution. Consider the maximum and minimum speeds that CAV i could achieve. The value of t z i is then given by
where t z,max i and t z,min i is the longest and shortest possible travel time of a CAV i between the entry and exit of the control zone of the conflict zone z ∈ Z corresponding to the minimum, v min , and maximum, v max , speed limit respectively. Note that condition (6) ensures that the time t z i that CAV i will be entering the conflict zone z is feasible and can be attained based on the imposed speed limits in the corridor. From (6), the safety constraint between CAVs traveling in the same lane is guaranteed at t z i . We now turn our attention to the case where possible lateral collision might occur if C z i (t) is non-empty. In this case, the minimum time t z * i for CAV i to enter the conflict zone z is constrained by both the lateral collision (3) and rear-end collision (4) constraints.
Definition 7 We define the set
− ρ}, that includes any CAV j ∈ C z i whose entry time satisfy (4).
Considering possible lateral collisions at conflict zone z, for all z ∈ Z, we obtain the following result.
Theorem 8 The solution t z i * , ∀i ≥ 2, ∀z ∈ Z, of (5) is recursively determined through
PROOF. Based on Definition 7, there are three cases to consider for t z i * . Case 1 : If A z i = ∅, all CAVs in C z i will be entering the conflict zone z earlier than t z i , which, by Definition 7,
Hence, we have t z i * = max max{t z c } + ρ, t z i , ∀c ∈ C z i . Case 2 : If A z i = ∅ and L z i = ∅, we consider two cases: (i) if the earliest entry time of CAVs in the set A z i is later than t z i plus a safe headway ρ, then the minimum entry time of CAV i is t z i , which satisfies the safety constraints to avoid both lateral and rear-end collisions; (ii) the optimal value of t z i is the earliest possible time slot between the entry times of two consecutive CAVs in the set L z i . Hence, we have
Case 3 : Finally, if L z i = ∅, this implies that there is no available time slot between the entry times of two CAVs in A z i . In this case, CAV i will be entering the conflict zone after the last CAV in A z i to avoid lateral collision, which implies t z i * = max{t z a } + ρ, ∀a ∈ A z i , if there not exist a ∈ L z i . Combining the above results, we obtain t z i * in (7), which completes the proof.
Theorem 8 yields the sequence that the CAVs will be traveling through each control zone. Each CAV i follows the above policy to determine the time t z i * that it will be entering the conflict zone z ∈ Z upon arrival at the entry of the control zone. Once the entry time t z i * is computed, it is stored in the coordinator and it is not changed. Thus, the next CAV i+1, upon its arrival at the entry of the control zone, will search for feasible times to cross the conflict zone based on the available time slots. The recursion is initialized when the first CAV enters the boundary of the corridor, i.e., it is assigned i = 1. In this case, t z 1 , ∀z ∈ Z, can be externally assigned as the desired entry time of this CAV whose behavior is unconstrained.
Low-level optimal control problem
When a CAV i enters the corridor, it communicates with the other CAVs (Assumption 1) and the coordinator broadcasts information without any errors or delays (Assumption 3). The coordinator assigns a unique identity to each CAV and receives back some information at the time each CAV arrives at the entry of the corridor, as defined next.
Definition 9 For each CAV i, we define the information set Y i (t) as
where p i (t), v i (t) are the position and speed of CAV i inside the corridor, o i is the route that CAV i travels inside the corridor, and t z i * is the time for CAV i to enter the conflict zone z given by (7).
As discussed in the previous section, the time t z i * for CAV i is determined in a recursive manner based on the information received from the coordinator. Therefore, once CAV i enters each of the control zones, immediately all information in Y i (t) becomes available for i and is stored in the coordinator accessible for next arriving CAV i + 1.
In the low-level optimal control problem, the objective is to minimize the control input (acceleration/deceleration) for each CAV i ∈ N z (t) from the time t 0,z i that i enters the control zone until the time t z i that it exits the control zone under the hard safety constraint to avoid rear-end collision. By minimizing each CAV's acceleration/deceleration, we minimize transient engine operation. Thus, we can have direct benefits in fuel consumption and emissions since internal combustion engines are optimized over steady state operating points (constant torque and speed). Therefore, the optimization problem for each CAV i ∈ N z (t) is to minimize the L 2 -norm of the control input in [t 0,z i , t z i ], formulated as follows:
subject to : (1), (2), (4),
Note that we do not include the lateral collision constraint (3) in (10), since it has been addressed in the upper-level optimization problem. On the contrary, we explicitly include the rear-end safety constraint. The problem formulation with the state and control constraints requires the constrained and unconstrained arcs of the state and control input to be pieced together to satisfy the Euler-Lagrange equations and necessary condition of optimality. Let S(t,
T be the vector of constraints that are not explicit functions of the control input u i (t). We take successive total time derivatives of S(t, x i (t), u i (t)) until we obtain an expression that is explicitly dependent on u i (t). If q time derivatives are required for a specific constraint of S i (t, x i (t), u i (t)), we refer to that constraint as a qth-order state variable inequality constraint; see Bryson and Ho (1975) . Note that we have 1st-order speed constraint and 2nd-order rearend safety constraint in S i (t, x i (t), u i (t)). The 2nd-order rear-end safety constraint plays the role of a control variable constraint on the constrained arc,
From (10), the CAV dynamics (1), state and control constraints (2), and the rear-end safety constraint (4) for each CAV i ∈ N z (t), we formulate the Hamiltonian function
where λ p i , λ v i are the co-state components, and η a i , η b i , η c i , µ d i µ e i are the Lagrange multipliers satisfying the complimentary slackness conditions based on the state and control constraints in (2) and (4).
The Euler-Lagrange equations becomė
The necessary condition for optimality is
State and control constraint is not active
When the inequality state and control constraints are not active, η a i = η b i = η c i = µ d i = µ e i = 0, applying the necessary condition (14), the optimal control is
From (13) we have λ p i (t) = a i , and λ v i (t) = −(a i · t + b i ). The coefficients a i , b i are constants of integration corresponding to each CAV i. From (15) the optimal control input (acceleration/deceleration), speed and position as a function of time are given by
where c i and d i are constants of integration which can be computed at each time t, t 0 i ≤ t ≤ t z i , using the values of the control input, speed, and position of each CAV i at t, the position p i (t z i ), and λ v i (t z i ) = 0. To derive the constrained solution of (10), we first start with the unconstrained arc and derive the solution using (16). If the solution violates any of the constraints, then we re-solve the problem with the constrained and unconstrained arcs pieced together. This process is repeated until the solution does not violate any other constraints. The simple nature of the optimal control and states in (16) through (18) makes the online solution of (10) computationally feasible, even with the additional burden of checking for active constraints. In what follows, we address the optimization problem (10) with the activation of the constrained case corresponding to the rear-end collision only. The other constrained cases related to the state, i.e., speed, v i , and control, u i as in (2), are similar to the cases presented by Malikopoulos et al. (2018) and Mahbub and Malikopoulos (2020) , and thus are omitted.
Rear-end safety constraint is active
Suppose a CAV starts from a feasible state and control at t = t 0 i and at some time t = t 1 , the rear-end safety constraint (p i (t) − p k (t) + δ) ≤ 0 is activated. In this case, η a i = η b i = µ d i = µ e i = 0. From (14), the optimal control is given by
The state trajectory entering onto the 2nd-order rearend safety constraint boundary must satisfy the following tangency conditions
where, N (x i (t), t) is the q-component vector function of the 2nd order safety tangency constraints. The tangency constraints in (20) also apply to the state trajectory at the exit of the constraint arc. Since the optimal solution of the preceding CAV k ∈ N z (t) is known a priori, from (11) and (20), the optimal solution for CAV i ∈ N z (t) in the constrained arc is derived from S i (t, x i (t), u i (t)) = 0 and is
The equations in (20) form a set of interior boundary conditions where the co-states λ p i (t) and λ v i (t) in general have discontinuity at the junction points, i.e., entry and exit points of the state trajectory between the constrained and the unconstrained arcs. However, the control trajectory may or may not have discontinuities at the junction points. Next, we address the jump conditions at the entry junction point t = t 1 . At time t = t 1 , when the safety constraint is activated, we have a junction point between the unconstrained and constrained arcs. Let t − 1 represents the time instance just before t 1 , and t + 1 signifies just after t 1 . The state trajectories are continuous at the junction points. Thus, we have
The jump conditions at t 1 can be written as
In (23)-(26), π T = [π 1 π 2 ] is a vector of constant Langrange multipliers to be determined so that the condition in (20) is satisfied. From (25), using (21)-(26), we obtain
)) = 0. This yields two cases: either (u i (t − 1 ) − u i (t + 1 )) = 0 or 1 2 (u i (t − 1 ) + u i (t + 1 )) + λ v i (t + 1 ) = 0. Both conditions lead to u i (t − 1 ) = u i (t + 1 ), which indicates that the control trajectory is continuous at the entry junction point at t = t 1 . Finally, using the continuity in control and (24) in (26), we obtain η c i (t + 1 ) = π 2 . With two junction points at time t = t 1 and t = t 2 , we have a constrained arc between two unconstrained arcs. Since we have multiple arcs pieced together at the junction points, we differentiate the constants of integration for the state and control trajectory by adding a superscript h representing the order of appearance of the arcs. Therefore, we represent the constants of integration as (a
where h = 1, 2 corresponds to the first and the last unconstrained arc respectively. The control trajectory of CAV i considering the constrained and unconstrained arcs can be written as,
The constants of integration, along with the junction points t 1 and t 2 can be computed by solving (16)-(18) and (21)- (27) with appropriate initial, boundary and transversality conditions.
Simulation Results
To validate the effectiveness of the rear-end safety constrained formulation, we present two cases in Fig. 2 , where a leading CAV k and a following CAV i are both cruising with the optimal control input. In the left panel of Fig. 2 , the following CAV i derives its control input according to (16), and activates the rear-end safety constraint with respect to the immediately preceding CAV k with two junction points. In the right panel of Fig.  2 , CAV i derives its control input using (27) subject to safety constrained optimization.
To validate the proposed approach for multiple traffic scenarios, we use a simulation network of Mcity created in PTV VISSIM environment. We define a corridor consisting of four conflict zones: (1) a merging roadway, (2) a speed reduction zone, (3) a roundabout, and (4) an intersection. To evaluate the network performance with the proposed control framework, we define two scenarios as follows: Scenario 1: baseline, i.e., 0% CAV penetration rate. All vehicles in the network are non-connected and nonautomated. In this case, the Wiedemann car following model Wiedemann (1974) built in VISSIM is applied. 1.2 s time headway is adopted to estimate the minimum allowable following distance. Scenario 2: optimal control, i.e., 100% CAV penetration rate. The proposed control framework is integrated to generate the optimal acceleration/deceleration profile for each CAV in the network.
The CAV speed trajectories under 0% and 100% CAV penetration rate in the corridor are illustrated in Fig. 3 .
In the baseline scenario with 0% CAV penetration rate, CAVs traveling along the corridor need to yield to mainline traffic, and wait in the signalized intersection. Thus, we observe high fluctuations in their speed profiles under the baseline scenario at the proximity of the conflict zones (see upper panel of Fig. 3 ). In the optimal control scenario under 100% CAV penetration rate, CAVs travel through the corridor without stop-and-go driving (see lower panel of Fig. 3) . The latter enables CAVs to have smoother speed trajectory affecting the uncontrolled upstream and downstream area of the control zone. We observe 9% improvement in terms of travel time and an average of 47% savings in total fuel consumption in the optimal control scenario compared to the baseline one. 
Concluding Remarks and Discussion
In this paper, we investigated the optimal coordination of CAVs in a corridor. We presented a two-level optimization problem in which we maximize traffic throughput in the upper-level problem, and derive a closed-form analytical solution that yields the optimal control input for each CAV, in terms of fuel consumption, in the low-level problem. We derived a closed-form analytical solution that considers safety constraints. We showed through simulation that vehicle coordination can reduce stopand-go driving improve efficiency in the corridor under hard safety constraints. One limitation of the proposed approach is that it does not consider the interaction of the conflict zones which might have significant implications as the traffic volume increases. Future research should address address this interdependence as it could enhance the benefits in energy and travel time significantly.
